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Taylor seriesAbstract In this paper, we introduce three-dimensional fuzzy differential transform method and
we utilize it to solve fuzzy partial differential equations. This technique is a successful method
because of reducing such problems to solve a system of algebraic equations; so, the problem can
be solved directly. A considerable advantage of this method is to obtain the analytical solutions
if the equation has an exact solution that is a polynomial function. Numerical examples are included
to demonstrate the validity and applicability of the method.
 2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The idea of fuzzy set was ﬁrst introduced by Latﬁ Zadah in
1960 as means of handling uncertainty that is due to impres-
sion or vagueness rather than to randomness. Deﬁnition of
fuzzy sets which was proposed in [1], led to the deﬁnition of
the fuzzy number and its implementation in fuzzy control [2]
and approximate reasoning problems [3,4]. The basic arith-
metic structure for fuzzy numbers was later developed in
papers [5–9].Recently due to industrial interest in fuzzy control, the
applications of the theory of fuzzy differential and integral
equation have been increased. Fuzzy partial differential equa-
tions (FPDEs) play a major role in modeling uncertainty of
dynamical systems. Hence, studies of PDEs have become one
of the main topics of modern mathematical analysis and have
attracted much attention. However, the exact solutions to the
PDEs cannot be easily obtained except for very simple or spe-
cial cases. In recent years, many methods have been developed
for solving some kinds of PDEs. Some mathematicians have
studied solution of FPDE by numerical methods [10–14].
Differential transform method is different from the tradi-
tional high order Taylor series method, which requires sym-
bolic computation of necessary derivatives of the data
function and is computationally expensive for higher order.
The concept of differential transform (one-dimension) was
proposed and applied to solve linear and nonlinear initial value
problems in electric circuit analysis by Zhou [15].
The topic of fuzzy differential transform method has been
rapidly grown in recent years. The aim of this paper is using
696 F. Mirzaee, M. Komak Yarithree-dimensional fuzzy differential transform method
(FDTM) to solve FPDEs. The FDTM evaluates the approxi-
mating solution by ﬁnite Taylor series.
This paper is organized as follows: ﬁrst, we introduce some
fuzzy concepts and their properties. Three-dimensional
FDTMs and their properties are introduced in Section 3. In
Section 4, we apply three-dimensional fuzzy differential trans-
form method to solve fuzzy partial differential equations by
illustrating some numerical examples to show the accuracy




Differential transform method is different from the traditional
high-order Taylor series method, which requires symbolic
computation of necessary derivatives of the data function
and is computationally expensive for higher order. The basic
deﬁnitions of the three-dimensional transform are deﬁned as
follows:







where wðx; y; zÞ is the original function and Wði; j; kÞ is the
transformed function. The transformation is called
T-function and the lower case and upper case letters represent
the original and transformed functions respectively. The differ-
ential inverse transform of Wði; j; kÞ is deﬁned as







Wði; j; kÞxiy jzk; ð2Þ
and from Eqs. (1) and (2) can be concluded














Table 1 contains some fundamental operations of three-
dimensional differential transform method.
2.2. Fuzzy concepts
In this section we will recall some basics deﬁnitions and theo-
rems needed throughout the paper such as fuzzy number,
fuzzy-valued function and the derivative of the fuzzy-valued
functions.Table 1 The fundamental operations of three-dimens
Original function Transfor
uðx; y; zÞ ¼ wðx; y; zÞ  vðx; y; zÞ Uði; j; kÞ
uðx; y; zÞ ¼ cwðx; y; zÞ Uði; j; kÞ
uðx; y; zÞ ¼ @@x wðx; y; zÞ Uði; j; kÞ
uðx; y; zÞ ¼ @@y wðx; y; zÞ Uði; j; kÞ
uðx; y; zÞ ¼ @pþqþt@xp@yq@zt wðx; y; zÞ Uði; j; kÞ
uðx; y; zÞ ¼ xiy jzk
Uð@;R;Deﬁnition 1 [17]. A fuzzy number ~w is convex normalized
fuzzy set ~w of the real line R such that
fl~w : R! ½0; 1; 8x 2 Rg;
where l~w is called the membership function of the fuzzy set and
it is piecewise continuous.
Deﬁnition 2 ([18,19]). A fuzzy number is a function
~w : R! ½0; 1 which satisﬁes the following properties
(i) ~w is normal, i.e. 9 x0 2 R with ~wðx0Þ ¼ 1,
(ii) ~w is a convex fuzzy set, i.e. ~wðrxþ ð1 rÞyÞP
minf~wðxÞ; ~wðyÞg, for any x; y 2 R; r 2 ½0; 1,
(iii) ~w is upper semi-continuous,
(iv) ½~w0 ¼ fx 2 R : ~wðxÞ > 0g is compact, here A denotes
the closure of A.
Any real number a 2 R can be interpreted as a fuzzy
number ~a ¼ vfag and therefore R  E1 . For any 0 6 r 6 1 we
denote the r-level set ½~wr ¼ fx 2 R : ~wðxÞP rg, that is a
closed interval [18] and ½~wr ¼ ½wr ;wþr ; 8r 2 ½0; 1.
For ~wr; ~vr 2 E1; k 2 R, the addition and the scalar multi-
plication are deﬁned by ½~wþ ~vr ¼ ½wr þ vr ;wþr þ vþr ;
8r 2 ½0; 1
k  ½~wr ¼
½kwr ; kwþr ; kP 0
½kwþr ; kwr ; k < 0
(
:
The collection of all the fuzzy numbers with addition and mul-
tiplication deﬁned by above equations is denoted by E1. We
will next deﬁne the fuzzy function notation and a metric D
on E1 [20].
As a distance between fuzzy numbers we use the Hausdorff
metric [18] deﬁned by
Dð~wr; ~vrÞ ¼ sup
06r61
fmax jwr  vr j; jwþr  vþr j
 g; ~wr; ~vr 2 E1:
In the following deﬁnition, we will introduce the H-derived
(differentiability in the sense of Hukuhara) and differential
transform method [21].
Deﬁnition 3 [22]. Let ~wr; ~vr 2 E1. If there exists ~ur 2 E such
that ~wr ¼ ~vr þ ~ur, then ~ur is called the H-difference of ~wr and
~vr, that is denoted by ~wr  ~vr.ional differential transform method [16].
med function
¼Wði; j; kÞ  Vði; j; kÞ
¼ cWði; j; kÞ
¼ ðiþ 1ÞWðiþ 1; j; kÞ
¼ ðjþ 1ÞWði; jþ 1; kÞ
¼ ðiþpÞ!ðjþqÞ!ðkþtÞ!i!j!k! Wðiþ p; jþ q; kþ tÞ
IÞ ¼ dð@  i;R j;I kÞ ¼ 1 @ ¼ i;R ¼ j;I ¼ k
0 otherwise

A novel computing three-dimensional differential transform method 697Consider the following deﬁnition which was introduced by
Chalco-Cano et al. [23].
Deﬁnition 4. Let ~wr : ða; bÞ ! E1 and x0 2 ða; bÞ. We say that
~wrðxÞ is differentiable at x0 if:









¼ ~w0rðx0Þ ð4Þor(2) There exists an element ~w0rðx0Þ 2 E1 such that
lim
h!0




~wrðx0Þ  ~wrðx0  hÞ
h
¼ ~w0rðx0Þ:
ð5ÞIn the special case, when ~wr is a fuzzy-valued function, we
have the following result.
Theorem 1 [23]. Let ~wrðxÞ ¼ ðwr ðxÞ;wþr ðxÞÞ. For each
r 2 ½0; 1,
(i) If ~wrðxÞ is differentiable in the ﬁrst form (1) in Deﬁnition
4, then w0r ðxÞ and wþ0r ðxÞ are differentiable functions and
~w0rðxÞ ¼ ðw0r ðxÞ;wþ0r ðxÞÞ.
(ii) If ~wrðxÞ is differentiable in the second form (2) in
Deﬁnition 4, then wr ðxÞ and wþr ðxÞ are differentiable func-
tions and ~w0rðxÞ ¼ ðwþ0r ðxÞ;w0r ðxÞÞ.
Moreover, we can consider the second order of later type of H-
differentiability as follows.
Theorem 2 ([24,25]). Let ~wr : R! E1 be a function and
~wrðxÞ ¼ ðwr ðxÞ;wþr ðxÞÞ. For each r 2 ½0; 1,
(i) if ~wrðxÞ and ~w0r are differentiable in the form (1) or if
~wrðxÞ and ~w0rðxÞ are differentiable in the second form (2)
in Deﬁnition 4, then w0r ðxÞ and wþ0r ðxÞ are differentiable
functions and ~w00r ðxÞ ¼ ðw00r ðxÞ;wþ00r ðxÞÞ.
(ii) if ~wrðxÞ is differentiable in the ﬁrst form (1) and ~w0rðxÞ is
differentiable in the second form (2) or if ~wrðxÞ is differen-
tiable in the second form (2) and ~w0rðxÞ is differentiable in
the ﬁrst form (1) in Deﬁnition 4, then w0r ðxÞ and wþ0r ðxÞ
are differentiable functions and ~w00r ðxÞ ¼ ðwþ00r ðxÞ;w00r ðxÞÞ.
Theorem 3. Let ~wr : R! E1 be a function and
~wrðxÞ ¼ ðwr ðxÞ;wþr ðxÞÞ. For each r 2 ½0; 1,
(I) if ~wrðxÞ; ~w0rðxÞ and ~w00r ðxÞ are differentiable in the form (1)
or if ~wrðxÞ is differentiable in the form (1) and ~w0rðxÞ and
~w00r ðxÞ are differentiable in the second form (2) in
Deﬁnition 4, or if ~w0rðxÞ is differentiable in the form (1)
and ~wrðxÞ and ~w00r ðxÞ are differentiable in the second form
(2) in Deﬁnition 4, or if ~w00r ðxÞ is differentiable in the form
(1) and ~wrðxÞ and ~w0rðxÞ are differentiable in the second
form (2) in Deﬁnition 4, then w00r ðxÞ and wþ00r ðxÞ are
differentiable functions and ~w000r ðxÞ ¼ ðw000r ðxÞ;wþ000r ðxÞÞ.(II) if ~wrðxÞ; ~w0rðxÞ and ~w00r ðxÞ are differentiable in the form (2)
or if ~wrðxÞ is differentiable in the form (2) and ~w0rðxÞ and
~w00r ðxÞ are differentiable in the second form (1) in
Deﬁnition 4, or if ~w0rðxÞ is differentiable in the form (2)
and ~wrðxÞ and ~w00r ðxÞ are differentiable in the second form
(1) in Deﬁnition 4, or if ~w00r ðxÞ is differentiable in the form
(2) and ~wrðxÞ and ~w0rðxÞ are differentiable in the second
form (1) in Deﬁnition 4, then w00r ðxÞ and wþ00r ðxÞ are
differentiable functions and ~w000r ðxÞ ¼ ðwþ000r ðxÞ;w000r ðxÞÞ.
Proof. It is straightforward. h3. Three-dimensional FDTM
Firstly, we write ~wrðx; y; zÞ ¼ ðwr ðx; y; zÞ;wþr ðx; y; zÞÞ, where
0 6 r 6 1. Let ~wrðx; y; zÞ be differentiable of order iþ jþ k
on the time domain T. When ~wrðx; y; zÞ is ðIÞ-differentiable
we have












; i; j;k¼ 0;1;2; . . . :
ð6Þ
When ~wrðx; y; zÞ is ðIIÞ-differentiable
 if all of i; j and k are even or just one of them is even, then












; i; j;k¼ 0;1;2; . . . :
ð7Þ
 if all of i; j and k are odd or just one of them is odd, then













Notice that, W r ði; j; kÞ and W þr ði; j; kÞ are called the lower
and upper of ~wrðx; y; zÞ in ðx0; y0; z0Þ, respectively. So,
 if ~wrðx; y; zÞ is ðIÞ-differentiable, then ~wrðx; y; zÞ can be repre-
sented as follows
























where 0 6 r 6 1.









all of i; jandkare even












all of i; jandkareodd










all of i; jandkare even











all of i; jandkareodd






The mentioned equations are known as the inverse trans-
formation of eW rði; j; kÞ. If ~wrðx; y; zÞ is ðIÞ-differentiable,
then eW rði; j; kÞ is deﬁned asfWrði; j; kÞ ¼ ðWr ði; j; kÞ;Wþr ði; j; kÞÞ
¼ Mði; j; kÞ @
iþjþk
@xi@y j@zk




Mði; j; kÞ @
iþjþk
@xi@y j@zk
wþr ðx; y; zÞ




When ~wrðx; y; zÞ is ðIIÞ-differentiable
 if all of i; j and k are odd or just one of them is odd, thenfWrði; j; kÞ ¼ ðWr ði; j; kÞ;Wþr ði; j; kÞÞ
¼ Mði; j; kÞ @
iþjþk
@xi@y j@zk




Mði; j; kÞ @
iþjþk
@xi@y j@zk
wr ðx; y; zÞ




 if all of i; j and k are even or just one of them is even, thenfWrði; j;kÞ ¼ ðWr ði; j;kÞ;Wþr ði; j;kÞÞ














; ð13ÞThereforeF. Mirzaee, M. Komak Yari if ~wrðx; y; zÞ is ðIÞ-differentiable, then ~wrðx; y; zÞ can be repre-
sented as follows








ðx x0Þiðy y0Þ jðz z0Þk
i!j!k!
Wr ði; j; kÞ








ðx x0Þiðy y0Þ jðz z0Þk
i!j!k!













all of i; jandkare even













all of i; jandkareodd











all of i; jandkare even












all of i; jandkareodd






where Mði; j; kÞ > 0. Mði; j; kÞ is called the weighting factor
and in this paper,Mði; j; kÞ ¼ PiQ jRk
i!j!k!
is applied where P;Q;R
are the time horizon on interest. So, if ~wrðx; y; zÞ is (I)-














When ~wrðx; y; zÞ is ðIIÞ-differentiable















 if all of i; j and k are even or just one of them is even, then




















k¼0|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}all of i; j and k are evenor just one of themiseven
ðx x0Þiðy y0Þ jðz z0Þk
i!j!k!









k¼0|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}all of i; j and k are oddor just one of themisodd
ðx x0Þiðy y0Þ jðz z0Þk
i!j!k!
Wþr ði; j; kÞ






k¼0|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}all of i; j and k are evenor just one of themiseven
ðx x0Þiðy y0Þ jðz z0Þk
i!j!k!








k¼0|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}all of i; j and k are oddor just one of themisodd
ðx x0Þiðy y0Þ jðz z0Þk
i!j!k!
Wr ði; j; kÞ








k¼0|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}all of i; j and k are evenor just one of themiseven
x x0
P














k¼0|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}all of i; j and k are oddor just one of themisodd
x x0
P












k¼0|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}all of i; j and k are evenor just one of themiseven
x x0
P













k¼0|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}all of i; j and k are oddor just one of themisodd
x x0
P






Wr ði; j; kÞ þ Kð@ þ 1;Rþ 1;Iþ 1Þðx; y; zÞ
1CA:
Using the fuzzy differential transform, a fuzzy partial dif-
ferential equation in the domain of interest can be transformed
to an algebraic equation in the domain i and ~wrðx; y; zÞ can be
obtained as the ﬁnite-term Taylor series plus a reminder as
following:
 if ~wrðx; y; zÞ is ðIÞ-differentiable, then ~wrðx; y; zÞ can be repre-
sented as follows








ðx x0Þiðy y0Þ jðz z0Þk
i!j!k!
Wr ði; j; kÞ
Mði; j; kÞ
 






ðx x0Þiðy y0Þ jðz z0Þk
i!j!k!
Wþr ði; j; kÞ
Mði; j; kÞ
















Wr ði; j; kÞ
 














Wþr ði; j; kÞ
þ Kð@ þ 1;Rþ 1;Iþ 1Þðx; y; zÞÞ; if ~wrðx; y; zÞ is ðIIÞ-differentiable, then ~wrðx; y; zÞ can be
represented as followsThe objective of this section is to ﬁnd the solution of
FPDEs at the equally spaced grid points
x0; x1; x2; . . . ; x@; y0; y1; y2; . . . ; yR and z0; z1; z2; . . . ; zI where
xi ¼ a1 þ ih1; yj ¼ a2 þ jh2 and zk ¼ a3 þ kh3 for each
i ¼ 0; 1; . . . ;@; j ¼ 0; 1; . . . ;R and k ¼ 0; 1; . . . ;I and
h1 ¼ a1b1@ ; h2 ¼ a2b2R and h3 ¼ a3b3I respectively. That is, the
domain of interest ½a1; b1 	 ½a2; b2 	 ½a3; b3 is divided to
@ 	R	 I subdomain, and the fuzzy approximation functions
in each subdomain are ~wriðx; y; zÞ for
i ¼ 0; 1; . . . ;@  1; ~wrjðx; y; zÞ for j ¼ 0; 1; . . . ;R 1 and
~wrkðx; y; zÞ for k ¼ 0; 1; . . . ;I 1 respectively.
Theorem 4. Suppose fðx; y; zÞ is a positive real valued function
and ~wrðx; y; zÞ is a fuzzy function. Let Fð@;I;RÞ andfWrð@;I;RÞ ¼ ðWr ð@;I;RÞ;Wþr ð@;I;RÞÞ be the differential
transformations of the fðx; y; zÞ and ~wrðx; y; zÞ, respectively. If
~urðx; y; zÞ ¼ fðx; y; zÞ  ~wrðx; y; zÞ ¼ ðfðx; y; zÞwr ðx; y; zÞ;









Fði; j; kÞ  fWrð@  i;R j;I kÞ:
700 F. Mirzaee, M. Komak YariProof.















~Wrðx; y; zÞðx x0Þiðy y0Þ jðz z0Þk
 !
¼ ½Fð0; 0; 0Þ þ Fð0; 0; 1Þðz z0Þ þ    þ Fð0; 0;IÞðz z0ÞI þ Fð0; 1; 0Þðy y0Þ þ Fð0; 1; 1Þðy y0Þðz z0Þ
þ Fð0; 1; 2Þðy y0Þðz z0Þ2 þ    þ Fð0; 1;IÞðy y0Þðz z0ÞI þ Fð0; 2; 0Þðy y0Þ2 þ Fð0; 2; 1Þðy y0Þ2ðz z0Þ
þ    þ Fð0; 2;IÞðy y0Þ2ðz z0ÞI þ    þ Fð0;R; 0Þðy y0ÞR þ Fð0;R; 1Þðy y0ÞRðz z0Þ þ Fð0;R; 2Þðy y0ÞR
	 ðz z0Þ2 þ    þ Fð0;R;IÞðy y0ÞRðz z0ÞI þ Fð1; 0; 0Þðx x0Þ þ Fð1; 0; 1Þðx x0Þðz z0Þ þ Fð1; 0; 2Þ
	 ðx x0Þðz z0Þ2 þ    þ    þ Fð1; 0;IÞðx x0Þðz z0ÞI þ Fð1; 1; 0Þðx x0Þðy y0Þ þ Fð1; 1; 1Þðx x0Þ
	 ðy y0Þðz z0Þ þ Fð1; 1; 2Þðx x0Þðy y0Þðz z0Þ2 þ Fð1; 1; 3Þðx x0Þðy y0Þðz z0Þ3 þ    þ Fð1; 1;RÞ
	 ðx x0Þðy y0Þðz z0ÞI þ Fð1; 2; 0Þðx x0Þðy y0Þ2 þ Fð1; 2; 1Þðx x0Þðy y0Þ2ðz z0Þ þ Fð1; 2; 2Þðx x0Þ
	 ðy y0Þ2ðz z0Þ2 þ Fð1; 2; 3Þðx x0Þðy y0Þ2ðz z0Þ3 þ    þ Fð1; 2;IÞðx x0Þðy y0Þ2ðz z0ÞI
þ Fð1; 3; 0Þðx x0Þðy y0Þ3 þ Fð1; 3; 1Þðx x0Þðy y0Þ3ðz z0Þ þ Fð1; 3; 2Þðx x0Þðy y0Þ3ðz z0Þ2
þ Fð1; 3; 3Þðx x0Þðy y0Þ3ðz z0Þ3 þ    þ Fð1; 3;IÞðx x0Þðy y0Þ3ðz z0ÞI þ    þ Fð1;R; 0Þðx x0Þ
	 ðy y0ÞR þ Fð1;R; 1Þðx x0Þðy y0ÞRðz z0Þ þ Fð1;R; 2Þðx x0Þðy y0ÞRðz z0Þ2 þ    þ Fð1;R;IÞ
	 ðx x0Þðy y0ÞRðz z0ÞI þ Fð2; 0; 0Þðx x0Þ2 þ Fð2; 0; 1Þðx x0Þ2ðz z0Þ þ Fð2; 0; 2Þðx x0Þ2ðz z0Þ2
þ    þ Fð2; 0;IÞðx x0Þ2ðz z0ÞI þ Fð2; 1; 0Þðx x0Þ2ðy y0Þ þ Fð2; 1; 1Þðx x0Þ2ðy y0Þðz z0Þþ
Fð2; 1; 2Þðx x0Þ2ðy y0Þðz z0Þ2 þ    þ Fð2; 1;IÞðx x0Þ2ðy y0Þðz z0ÞI þ    þ Fð@;R; 0Þðx x0Þ@
	 ðy y0ÞR þ Fð@;R; 1Þðx x0Þ@ðy y0ÞRðz z0Þ þ Fð@;R; 2Þðx x0Þ@ðy y0ÞRðz z0Þ2 þ   
þ Fð@;R;IÞðx x0Þ@ðy y0ÞRðz z0ÞI  ½ ~Wrð0; 0; 0Þ þ ~Wrð0; 0; 1Þðz z0Þ þ    þ ~Wrð0; 0;IÞðz z0ÞI
þ ~Wrð0; 1; 0Þðy y0Þ þ ~Wrð0; 1; 1Þðy y0Þðz z0Þ þ ~Wrð0; 1; 2Þ 	 ðy y0Þðz z0Þ2 þ    þ ~Wrð0; 1;IÞðy y0Þ
	 ðz z0ÞI þ ~Wrð0; 2; 0Þðy y0Þ2 þ ~Wrð0; 2; 1Þðy y0Þ2ðz z0Þ þ    þ ~Wrð0; 2;IÞðy y0Þ2ðz z0ÞI þ   
þ ~Wrð0;R; 0Þðy y0ÞR þ ~Wrð0;R; 1Þðy y0ÞRðz z0Þ þ ~Wrð0;R; 2Þðy y0ÞRðz z0Þ2 þ    þ ~Wrð0;R;IÞðy y0ÞR
	 ðz z0ÞI þ ~Wrð1; 0; 0Þðx x0Þ þ ~Wrð1; 0; 1Þðx x0Þðz z0Þ þ ~Wrð1; 0; 2Þðx x0Þðz z0Þ2 þ    þ ~Wrð1; 0;IÞ
	 ðx x0Þðz z0ÞI þ ~Wrð1; 1; 0Þðx x0Þðy y0Þ þ ~Wrð1; 1; 1Þðx x0Þðy y0Þðz z0Þ þ ~Wrð1; 1; 2Þðx x0Þðy y0Þ
	 ðz z0Þ2 þ ~Wrð1; 1; 3Þðx x0Þðy y0Þðz z0Þ3 þ    þ ~Wrð1; 1;IÞðx x0Þðy y0Þðz z0ÞI þ ~Wrð1; 2; 0Þðx x0Þ
	 ðy y0Þ2 þ ~Wrð1; 2; 1Þðx x0Þðy y0Þ2ðz z0Þ þ ~Wrð1; 2; 2Þðx x0Þðy y0Þ2ðz z0Þ2 þ ~Wrð1; 2; 3Þðx x0Þðy y0Þ2
	 ðz z0Þ3 þ    þ ~Wrð1; 2;IÞðx x0Þðy y0Þ2ðz z0ÞI þ ~Wrð1; 3; 0Þðx x0Þðy y0Þ3 þ ~Wrð1; 3; 1Þðx x0Þðy y0Þ3
	 ðz z0Þ þ ~Wrð1; 3; 2Þðx x0Þðy y0Þ3ðz z0Þ2 þ ~Wrð1; 3; 3Þðx x0Þðy y0Þ3ðz z0Þ3 þ    þ ~Wrð1; 3;IÞðx x0Þ
	 ðy y0Þ3ðz z0ÞI þ    þ ~Wrð1;R; 0Þðx x0Þðy y0ÞR þ ~Wrð1;R; 1Þðx x0Þðy y0ÞRðz z0Þ þ ~Wrð1;R; 2Þ
	 ðx x0Þðy y0ÞR 	 ðz z0Þ2 þ    þ ~Wrð1;R;IÞðx x0Þðy y0ÞRðz z0ÞI þ ~Wrð2; 0; 0Þðx x0Þ2 þ ~Wrð2; 0; 1Þ
	 ðx x0Þ2ðz z0Þ þ ~Wrð2; 0; 2Þðx x0Þ2ðz z0Þ2 þ    þ ~Wrð2; 0;IÞðx x0Þ2ðz z0ÞI þ ~Wð2; 1; 0Þðx x0Þ2ðy y0Þ
þ ~Wrð2; 1; 1Þðx x0Þ2ðy y0Þðz z0Þ þ ~Wrð2; 1; 2Þðx x0Þ2ðy y0Þðz z0Þ2 þ    þ ~Wrð2; 1;IÞðx x0Þ2	
	 ðy y0Þðz z0ÞI þ    þ ~Wrð@;R; 0Þðx x0Þ@ðy y0ÞR þ ~Wrð@;R; 1Þðx x0Þ@ðy y0ÞRðz z0Þ
þ ~Wrð@;R; 2Þðx x0Þ@ðy y0ÞRðz z0Þ2 þ    þ ~Wrð@;R;IÞðx x0Þ@ðy y0ÞRðz z0ÞI
A novel computing three-dimensional differential transform method 701¼ ðFð0;0;0Þ  ~Wrð0;0;0ÞÞ þ ðFð0;0;0Þ  ~Wrð0;0;1Þ þFð0;0;1Þ  ~Wrð0;0;0ÞÞðz z0Þ þ ðFð0;0;0Þ  ~Wrð0;0;2Þ
	 ðFð0;0;1Þ  ~Wrð0;0;1Þ þFð0;0;2Þ  ~Wrð0;0;0ÞÞðz z0Þ2 þ    þ ðFð0;0;0Þ  ~Wrð0;0;RÞ þFð0;0;1Þ  ~Wrð0;0;R 1Þ
þ    þFð0;0;IÞ  ~Wrð0;0;0ÞÞðz z0ÞI þ ðFð0;0;0Þ  ~Wrð0;1;0Þ þFð0;1;0Þ  ~Wrð0;0;0ÞÞðy y0Þ
þ    þ ðFð0;0;0Þ  ~Wrð0;1;1Þ þFð0;0;1Þ  ~Wrð0;1;0Þ þFð0;1;0Þ  ~Wrð0;0;1Þ þFð0;1;1Þ  ~Wrð0;0;0ÞÞðy y0Þðz z0Þ
	 ðFð0;0;0Þ  ~Wrð0;1;2Þ þFð0;0;1Þ  ~Wrð0;1;1Þ þFð0;0;2Þ  ~Wrð0;1;0Þ þFð0;1;0Þ  ~Wrð0;0;2Þ þFð0;1;1Þ  ~Wrð0;0;1Þ
þ    þ ðFð0;0;0Þ  ~Wrð0;1;IÞ þGð0;0;1Þ  ~Wrð0;1;I 1Þ þFð0;0;2Þ  ~Wrð0;1;I 2Þ þ    þFð0;0;IÞ  ~Wrð0;1;0Þ
þFð0;1;2Þ  ~Wrð0;0;0ÞÞðy y0Þðz z0Þ2 þ    þ ðFð0;0;0Þ  ~Wrð0;1;IÞ þFð0;0;1Þ  ~Wrð0;1;I 1Þþ
Fð0; 0; 2Þ  ~Wrð0; 1;I 2Þ þ    þ Fð0; 0;IÞ  ~Wrð0; 1; 0Þ þ Fð0; 1; 0Þ  ~Wrð0; 0;IÞ þ Fð0; 1; 1Þ  ~Wrð0; 0;I 1Þ
Fð0; 1; 2Þ  ~Wrð0; 0;I 2Þ þ    þ Fð0; 1;IÞ  ~Wrð0; 0; 0ÞÞðy y0Þðz z0ÞI þ ðGð0; 0; 0Þ  ~Wrð0; 2;IÞ
þ Fð0; 0; 1Þ  ~Wrð0; 2;I 1Þ þ Fð0; 0; 2Þ  ~Wrð0; 2;I 2Þ þ    þ Fð0; 0;IÞ  ~Wrð0; 2; 0Þ þ Fð0; 1; 0Þ  ~Wrð0; 1;IÞ
þ Fð0; 1; 1Þ  ~Wrð0; 1;I 1Þ þ Fð0; 1; 2Þ  ~Wrð0; 1;I 2Þ þ    þ Fð0; 1;IÞ  ~Wrð0; 1; 0Þ þ Fð0; 2; 0Þ  ~Wrð0; 0;IÞ
þ Fð0; 2; 1Þ  ~Wrð0; 0;I 1Þ þ Fð0; 2; 2Þ  ~Wrð0; 0;I 2Þ þ    þ Fð0; 2;IÞ  ~Wrð0; 0; 0ÞÞðy y0Þ2ðz z0ÞI
þ    þ ðFð0; 0; 0Þ  ~Wrð0;R;IÞ þ Fð0; 0; 1Þ  ~Wrð0;R;I 1Þ þ Fð0; 0; 2Þ  ~Wð0;R;I 2Þ þ    þ Fð0; 0;IÞ  ~Wrð0;R; 0Þ
þ Fð0; 1; 0Þ  ~Wrð0;R 1;IÞ þ Fð0; 1; 1Þ  ~Wrð0;R 1;I 1Þ þ Fð0; 1; 2Þ  ~Wrð0;R 1;I 2Þ
þ    þ Fð0; 1;IÞ  ~Wrð0;R 1; 0Þ þ Fð0; 2; 0Þ  ~Wrð0;R 2;IÞ þ Fð0; 2; 1Þ  ~Wrð0;R 2;I 1Þ
þ Fð0; 2; 2Þ  ~Wrð0;R 2;I 2Þ þ    þ Fð0; 2;IÞ  ~Wrð0;R 2; 0Þ þ    þ Fð0;R; 0Þ  ~Wrð0; 0;IÞ
þ Fð0;R; 2Þ  ~Wrð0; 0;I 2Þ þ    þ Fð0;R;IÞ  ~Wrð0; 0; 0ÞÞðy y0ÞRðz z0ÞI þ ðFð0; 0; 0Þ  ~Wrð1; 0; 0Þ
þ Fð1; 0; 0Þ  ~Wrð0; 0; 0ÞÞðx x0Þ þ ðFð0; 0; 0Þ  ~Wrð1; 0; 1Þ þ Fð0; 0; 1Þ  ~Wrð1; 0; 0ÞþÞðFð1; 0; 0Þ  ~Wrð0; 0; 1Þþ
Fð1; 0; 1Þ  ~Wrð0; 0; 0ÞÞðx x0Þðz z0Þ þ ðFð0; 0; 0Þ  ~Wrð1; 0; 2Þ þ Fð0; 0; 1Þ  ~Wrð1; 0; 1Þ þ Fð0; 0; 2Þ  ~Wrð1; 0; 0Þ
þ Fð1; 0; 0Þ  ~Wrð0; 0; 2Þ þ Fð1; 0; 1Þ  ~Wrð0; 0; 1Þ þ Fð1; 0; 2Þ  ~Wrð0; 0; 0ÞÞðx x0Þðz z0Þ2 þ    þ ðFð0; 0; 0Þ  ~Wrð1; 0;IÞ
þ Fð0; 0; 1Þ  ~Wrð1; 0;I 1Þ þ Fð0; 0; 2Þ  ~Wrð1; 0;I 2Þ þ    þ Fð0; 0;IÞ  ~Wrð1; 0; 0Þ þ Fð1; 0; 0Þ  ~Wrð0; 0;IÞ
þ Fð1; 0; 1Þ  ~Wrð0; 0;I 1Þ þ Fð1; 0; 2Þ  ~Wrð0; 0;I 2Þ þ    þ Fð1; 0;IÞ  ~Wrð0; 0; 0ÞÞðx x0Þðz z0ÞI
þ ðFð0; 0; 0Þ  ~Wrð2; 0; 0Þ þ Fð1; 0; 0Þ  ~Wrð1; 0; 0Þ þ Fð2; 0; 0Þ  ~Wrð0; 0; 0ÞÞðx x0Þ2 þ ðFð0; 0; 0Þ  ~Wrð2; 0; 1Þ
þ Fð0; 0; 1Þ  ~Wrð2; 0; 0Þ þ Fð1; 0; 0Þ  ~Wrð1; 0; 1Þ þ Fð1; 0; 2Þ  ~Wrð1; 0; 0Þ þ Fð2; 0; 0Þ  ~Wrð0; 0; 2Þ þ Fð2; 0; 1Þ  ~Wrð0; 0; 1Þ
þ Fð2; 0; 2Þ  ~Wrð0; 0; 0ÞÞðx x0Þ2 þ ðz z0Þ2 þ    þ ðFð0; 0; 0Þ  ~Wrð2; 0;IÞ þ Fð0; 0; 1Þ  ~Wrð2; 0;I 1Þ
þ Fð0; 0; 2Þ  ~Wrð2; 0;I 2Þ    þ Fð0; 0;IÞ  ~Wrð2; 0; 0Þ þ Fð1; 0; Þ  ~Wrð1; 0;IÞ þ Fð1; 0; 1Þ  ~Wrð1; 0;I 1Þ
þ Fð1; 0; 2Þ  ~Wrð1; 0;I 2Þ þ    þ Fð1; 0;IÞ  ~Wrð1; 0; 0Þ þ Fð2; 0; 0Þ  ~Wrð0; 0;IÞ þ Fð2; 0; 1Þ  ~Wrð0; 0;I 1Þ
þ Fð2; 0; 2Þ  ~Wrð0; 0;I 2Þ þ    þ Fð2; 0;IÞ  ~Wrð0; 0; 0ÞÞðx x0Þ2ðz z0ÞI þ    þ ðFð0; 0; 0Þ  ~Wrð@; 0; 0Þ
þ Fð1; 0; 0Þ  ~Wrð@  1; 0; 0Þ þ Fð2; 0; 0Þ  ~Wrð@  2; 0; 0Þ þ    þ Fð@; 0; 0Þ  ~Wrð0; 0; 0ÞÞðx x0Þ@
þ ðFð0; 0; 0Þ  ~Wrð@; 0; 1Þ þ Fð0; 0; 1Þ  ~Wrð@; 0; 0Þ þ Fð1; 0; 0Þ  ~Wrð@  1; 0; 1Þ þ Fð1; 0; 1Þ  ~Wrð@  1; 0; 0Þ
þ    þ Fð@; 0; 0Þ  ~Wrð0; 0; 1Þ þ Fð@; 0; 1Þ  ~Wrð0; 0; 0ÞÞðx x0Þ@ðz z0Þ þ    þ ðFð0; 0; 0Þ  ~Wrð@; 0;IÞ
þ Fð0; 0; 1Þ  ~Wrð@; 0;I 1Þ þ Fð0; 0; 2Þ  ~Wrð@; 0;I 2Þ þ    þ Fð0; 0;IÞ  ~Wrð@; 0; 0Þ þ Fð1; 0; 0Þ  ~Wrð@  1; 0;IÞ
þ Fð1; 0; 1Þ  ~Wrð@  1; 0;I 1Þ þ Fð1; 0; 2Þ  ~Wrð@  1; 0;I 2Þ þ    þ Fð1; 0;IÞ  ~Wrð@  1; 0; 0Þ
þ Fð2; 0; 0Þ  ~Wrð@  2; 0;IÞ þ Fð2; 0; 1Þ  ~Wrð@  2; 0;I 1Þ þ Fð2; 0; 2Þ  ~Wrð@  2; 0;I 2Þ þ    þ
Fð2; 0;IÞ  ~Wrð@  2; 0; 0Þ þ    þ Fð@; 0; 0Þ  ~Wrð0; 0;IÞ þ Fð@; 0; 1Þ  ~Wrð0; 0;I 1Þ þ Fð@; 0; 2Þ  ~Wrð0; 0;I 2Þ
þ    þ Fð@; 0;IÞ  ~Wrð0; 0; 0ÞÞðx x0Þ@ðz z0ÞI þ ðFð0; 0; 0Þ  ~Wrð@; 1;IÞ þ Fð0; 0; 1Þ  ~Wrð@; 1;I 1Þ
þ Fð0; 0; 2Þ  ~Wrð@; 1;I 2Þ þ    þ Fð0; 0;IÞ  ~Wrð@; 1; 0Þ þ Fð0; 1; 0Þ  ~Wrð@; 0;IÞ þ Fð0; 1; 1Þ  ~Wrð@; 0;I 1Þ
þ Fð0; 1; 2Þ  ~Wrð@; 0;I 2Þ þ    þ Fð0; 1;IÞ  ~Wrð@; 0; 0Þ þ Fð1; 1; 0Þ  ~Wrð@  1; 0;IÞ þ Fð1; 1; 1Þ  ~Wrð@  1; 0;I 1Þ
þ Fð1; 1; 2Þ  ~Wrð@  1; 0;I 2Þ þ    þ Fð1; 1;IÞ  ~Wrð@  1; 0; 0Þ þ    þ Fð@; 1;IÞ  ~Wrð@  1; 0;I 2ÞÞðx x0Þ@
	 ðy y0Þðz z0ÞI þ    þ ðFð0; 0; 0Þ  ~Wrð@;R;IÞ þ Fð0; 0; 1Þ  ~Wrð@;R;I 1Þ þ Fð0; 0; 2Þ  ~Wrð@;R;I 2Þ þ    þ
Fð0; 0;IÞ  ~Wrð@;R; 0Þ þ Fð0; 1; 0Þ  ~Wrð@;R 1;IÞ þ Fð0; 1; 1Þ  ~Wrð@;R 1;I 1Þ þ Fð0; 1; 2Þ  ~Wrð@;R 1;I 2Þ
þ    þ Fð0; 1;IÞ  ~Wrð@;R 1; 0Þ þ    þ Fð0;R;IÞ  ~Wrð@; 0; 0Þ þ Fð1;R;IÞ  ~Wrð@  1; 0; 0Þ
þ Fð2;R;IÞ  ~Wrð@  2; 0; 0Þ þ    þ Fð@;R;IÞ  ~Wrð0; 0; 0ÞÞðx x0Þ@ðy y0ÞRþ ðz z0ÞI;
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Fði; j; kÞ  fWrð@  i;R j;I
 kÞðx x0Þiðy y0Þ jðz z0Þk;







Fði; j; kÞ  fWrð@  i;R j;I kÞ;
where completes the proof. 
Theorem 5. If ~wrðx; y; zÞ and ~vrðx; y; zÞ are fuzzy-valued func-
tions and their fuzzy differential transformations denoted byfWrði; j; kÞ and eVrði; j; kÞ, respectively. Then
 ~urðx; y; zÞ ¼ ~wrðx; y; zÞ þ ~vrðx; y; zÞ then eU rði; j; kÞ ¼ eW rði;
j; kÞ þ eV rði; j; kÞ where i 2 @; j 2 R; k 2 I,
 ~urðx; y; zÞ ¼ ~wrðx; y; zÞ  ~vrðx; y; zÞ then eU rði; j; kÞ ¼ eW rði;
j; kÞ  eV rði; j; kÞ where i 2 @; j 2 R; k 2 I,
provided the Hukuhara difference exists.Proof. Using deﬁnition three-dimensional FDTM, the proof is
obvious. 
Theorem 6. Assume that ~wrðx; y; zÞ and ~vrðx; y; zÞ are fuzzy val-
ued functions. If fWrði; j; kÞ and eVrði; j; kÞ are the three-
dimensional fuzzy differential transformations of ~wrðx; y; zÞ
and ~vrðx; y; zÞ, respectively, if
~wrðx; y; zÞ ¼ @~vrðx; y; zÞ
@x
;
thenfWrði; j; kÞ ¼ ðiþ 1Þ eVrðiþ 1; j; kÞ:
Proof. Using deﬁnition of three-dimensional FDTM, we get



































then we getfWrði; j; kÞ ¼ ððiþ 1ÞVr ðiþ 1; j; kÞ; ðiþ 1ÞVþr ðiþ 1; j; kÞÞ
¼ ðiþ 1Þ eVrðiþ 1; j; kÞ;
which completes the proof. Theorem 7. Assume that ~wrðx; y; zÞ and ~vrðx; y; zÞ are fuzzy val-
ued functions. If fWrði; j; kÞ and eVrði; j; kÞ are the three-
dimensional fuzzy differential transformations of ~wrðx; y; zÞ








fWrði; j; kÞ ¼ ðjþ 1Þ eVrði; jþ 1; kÞ;
and
fWrði; j; kÞ ¼ ðkþ 1Þ eVrði; j; kþ 1Þ;
respectively.
Proof. The proof is completely similar to the previous one. 
Theorem 8. Assume that ~wrðx; y; zÞ and ~vrðx; y; zÞ are fuzzy val-
ued functions. If fWrði; j; kÞ and eVrði; j; kÞ are the three-
dimensional fuzzy differential transformations of ~wrðx; y; zÞ





fWrði; j;kÞ ¼ ðiþ 1Þðiþ 2Þ . . . ðiþ pÞðjþ 1Þ
ðjþ 2Þ . . . ðjþ qÞðkþ 1Þðkþ 2Þ . . . ðkþ tÞ eVrðiþ p; jþ q;kþ tÞ:











































¼ðiþ1Þðiþ2Þ . . .ðiþpÞðjþ1Þðjþ2Þ . . .ðjþqÞðkþ1Þðkþ2Þ . . .ðkþ tÞ eVr
iþp; jþq;kþ tÞ;ð
which completes the proof. 
Figure 1 Comparisons of the 4th-order (U1), 5th-order (U2) and 6th-order (U3) approximate solutions for Example 1.
A novel computing three-dimensional differential transform method 7034. Illustrative example
In this section, the numerical method which was described in
previous sections is used for some numerical examples.
Example 1. Consider the following fuzzy parabolic equation
@ ~wrðx; y; zÞ
@x
þ 2 @
2 ~wrðx; y; zÞ
@z2
þ @
3 ~wrðx; y; zÞ
@y3
¼ 0; ð14Þ
with the boundary conditions
~wrð0; y; zÞ ¼ ð2þ 3r5; 9 4r7Þ  ey cosðzÞ: ð15Þ
Taking the thee-dimensional fuzzy differential transform of
Eq. (14), it can be obtained that
ðiþ 1ÞWr ðiþ 1; j; kÞ þ 2ðkþ 1Þðkþ 2ÞWr ði; j; kþ 2Þ
þ ðjþ 1Þðjþ 2Þðjþ 3ÞWr ði; jþ 3; kÞ ¼ 0; ð16Þ
ðiþ 1ÞWþr ðiþ 1; j; kÞ þ 2ðkþ 1Þðkþ 2ÞWþr ði; j; kþ 2Þ
þ ðjþ 1Þðjþ 2Þðjþ 3ÞWþr ði; jþ 3; kÞ ¼ 0: ð17Þ































































; 8j; k ¼ 0; 1; 2; . . . ; ð20Þ







; 8j; k ¼ 0; 1; 2; . . . : ð21ÞSubstituting Eqs. (20) and (21) into Eqs. (16) and (17), and by
recursive method,Wr ð1; 0; 0Þ ¼ ð2þ 3r5Þ ; Wþr ð1; 0; 0Þ ¼ ð9 4r7Þ,
Wr ð1; 0; 1Þ ¼ 0 ; Wþr ð1; 0; 1Þ ¼ 0,
Wr ð1; 0; 2Þ ¼  12! ð2þ 3r5Þ ; Wþr ð1; 0; 2Þ ¼  12! ð9 4r7Þ,
..
.   ; ...
Wr ð1; 0; kÞ ¼ ð2þ 3r5Þ 1k! cos kp2 ;




; 8k ¼ 0; 1; 2; . . .,Wr ð1; 1; 0Þ ¼ ð2þ 3r5Þ ; Wþr ð1; 1; 0Þ ¼ ð9 4r7Þ,
Wr ð1; 1; 1Þ ¼ 0 ; Wþr ð1; 1; 1Þ ¼ 0,
Wr ð1; 1; 2Þ ¼  12! ð2þ 3r5Þ ; Wþr ð1; 1; 2Þ ¼  12! ð9 4r7Þ,
Wr ð1; 1; 3Þ ¼ 0 ; Wþr ð1; 1; 3Þ ¼ 0,
..
.   ; ...
Wr ð1; 1; kÞ ¼ 1k! ð2þ 3r5Þ cos kp2 ;




; 8k ¼ 0; 1; 2; . . .,Wr ð1; 2; 0Þ ¼ 12! ð2þ 3r5Þ ; Wþr ð1; 2; 0Þ ¼ 12! ð9 4r7Þ,
Wr ð1; 2; 1Þ ¼ 0 ; Wþr ð1; 2; 1Þ ¼ 0,
Wr ð1; 2; 2Þ ¼  12! 12! ð2þ 3r5Þ ;
Wþr ð1; 2; 2Þ ¼  12! 12! ð9 4r7Þ,
Wr ð1; 2; 3Þ ¼ 0 ; Wþr ð1; 2; 3Þ ¼ 0,
Wr ð1; 2; 4Þ ¼ 12! 14! ð2þ 3r5Þ   ; Wþr ð1; 2; 4Þ ¼ 12! 14! ð9 4r7Þ,
Wr ð1; 2; kÞ ¼ 12! 1k! ð2þ 3r5Þ cos kp2 ;




; 8k ¼ 0; 1; 2; . . .,Wr ð1; j; kÞ ¼ 1j! 1k! ð2þ 3r5Þ cos kp2
 ;




; 8k; j ¼ 0; 1; 2; . . .,Wr ð2; 0; 0Þ ¼ 12! ð2þ 3r5Þ ; Wþr ð2; 0; 0Þ ¼ 12! ð9 4r7Þ,
Wr ð2; 1; 1Þ ¼ 0 ; Wþr ð2; 1; 1Þ ¼ 0,
Wr ð2; 2; 2Þ ¼  12! 12! 12! ð2þ 3r5Þ ;
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¼ ð2þ 3r5Þexey cosðzÞ ¼ ð2þ 3r5Þexþy cosðzÞ;


































¼ ð9 4r7Þexey cosðzÞ ¼ ð9 4r7Þexþy cosðzÞ:
As a result, the exact analytical solution of ~wrðx; y; zÞ is
obtained as
~wrðx; y; zÞ ¼ ð2þ 3r5; 9 4r7Þ  exþy cosðzÞ:
Also, we present the plot of exact and approximate solutions,
where U1;U2;U3 are the 4th-order, 5th-order and 6th-order
approximate solution of ~uð1; 2;2Þ in Fig. 1
Example 2. Consider the following fuzzy parabolic equation
@ ~wrðx; y; zÞ
@x
þ @ ~wrðx; y; zÞ
@z
þ @ ~wrðx; y; zÞ
@y
¼ 0; ð22Þ
with the boundary conditions
~wrð0; y; zÞ ¼ ðr; 2 rÞ  ey2z: ð23Þ
Taking the thee-dimensional fuzzy differential transform of
Eq. (22), it can be obtained that
ðiþ 1ÞWr ðiþ 1; j; kÞ þ ðkþ 1ÞWr ði; j; kþ 1Þ
þ ðjþ 1ÞWr ði; jþ 1; kÞ ¼ 0; ð24Þ
ðiþ 1ÞWþr ðiþ 1; j; kÞ þ ðkþ 1ÞWþr ði; j; kþ 1Þ
þ ðjþ 1ÞWþr ði; jþ 1; kÞ ¼ 0: ð25Þ






















































Wr ð0; j; kÞ ¼ r
ð2Þk
j!k!
; 8j; k ¼ 0; 1; 2; . . . ; ð28Þ
Wþr ð0; j; kÞ ¼ ð2 rÞ
ð2Þk
j!k!
; 8j; k ¼ 0; 1; 2; . . . : ð29Þ
Substituting Eqs. (28) and (29) into Eqs. (24) and (25), and by
recursive method,Wr ð1; 0; 0Þ ¼ r ; Wþr ð1; 0; 0Þ ¼ ð2 rÞ,
Wr ð1; 0; 1Þ ¼ 2r ; Wþr ð1; 0; 1Þ ¼ 2ð2 rÞ,
Wr ð1; 0; 2Þ ¼ 2r ; Wþr ð1; 0; 2Þ ¼ 2ð2 rÞ,
Wr ð1; 1; 0Þ ¼ r ; Wþr ð1; 1; 0Þ ¼ ð2 rÞ,
Wr ð2; 0; 0Þ ¼ 12! r ; Wþr ð2; 0; 0Þ ¼ 12! ð2 rÞ,
Wr ð2; 1; 1Þ ¼ r ; Wþr ð2; 1; 1Þ ¼ ð2 rÞ,
Wr ð2; 2; 2Þ ¼ 12! r ; Wþr ð2; 2; 2Þ ¼ 12! ð2 rÞ,
..
.; ..
.and so on. If we generalize these coefﬁcients one can obtain














































































¼ ð2 rÞexe ye2z:
As a result, the exact analytical solution of ~wrðx; y; zÞ is
obtained as
~wrðx; y; zÞ ¼ ðr; 2 rÞ  exþy2z:
Also, we present the plot of exact and approximate solutions,
where U1;U2;U3 are the 3th-order, 5th-order and 7th-order
approximate solution of ~uð2; 2;1Þ in Fig. 2.
Figure 2 Comparisons of the 3th-order (U1), 5th-order (U2) and 7th-order (U3) approximate solutions for Example 2.
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2
@5 ~wrðx; y; zÞ
@x3@y2
þ @
4 ~wrðx; y; zÞ
@x3@z
þ @
6 ~wrðx; y; zÞ
@x3@y3
¼ 6  ð5þ 3r4; 12 4r2Þ  sinðyÞe2z; ð30Þ
with the boundary conditions
~wrðx; y; 0Þ ¼ ð5þ 3r4; 12 4r2Þ  x3 cosðyÞ: ð31Þ
Taking the thee-dimensional fuzzy differential transform of
Eq. (30), it can be obtained that
2ðiþ 1Þðiþ 2Þðiþ 3Þðjþ 1Þðjþ 2ÞWr ðiþ 3; jþ 2; kÞ
þ ðiþ 1Þðiþ 2Þðiþ 3Þðkþ 1ÞWr ðiþ 3; j; kþ 1Þ
þ ðiþ 1Þðiþ 2Þðiþ 3Þðjþ 1Þðjþ 2Þðjþ 3ÞWr ðiþ 3; jþ 3; kÞ








2ðiþ 1Þðiþ 2Þðiþ 3Þðjþ 1Þðjþ 2ÞWþr ðiþ 3; jþ 2; kÞ þ ði
þ 1Þðiþ 2Þðiþ 3Þðkþ 1ÞWþr ðiþ 3; j; kþ 1Þ þ ðiþ 1Þði
þ 2Þðiþ 3Þðjþ 1Þðjþ 2Þðjþ 3ÞWþr ðiþ 3; jþ 3; kÞ




















































; 8i; j ¼ 0; 1; 2; . . . ;







; 8i; j ¼ 0; 1; 2; . . . :
ð37Þ
Substituting Eqs. (36) and (37) into Eqs. (32) and (33), and by
recursive method,Wr ð3; 0; 1Þ ¼ 2ð5þ 3r4Þ ; Wþr ð3; 0; 1Þ ¼ 2ð12 4r3Þ,
Wr ð3; 1; 1Þ ¼ 0 ; Wþr ð3; 1; 1Þ ¼ 0,
Wr ð3; 2; 1Þ ¼ ð5þ 3r4Þ ; Wþr ð3; 2; 1Þ ¼ ð12 4r3Þ,
..
.   ; ...  
Wr ð3; j; 1Þ ¼ 1j! ð5þ 3r4Þ cos jp2 ; Wr ð3;j;1Þ¼ 1j!ð124r3Þcos jp2 ,
Wr ð3; 0; 2Þ ¼ 2ð5þ 3r4Þ ; Wþr ð3; 0; 2Þ ¼ 2ð12 4r3Þ,
Wr ð3; 0; 3Þ ¼ 2
3





.Wr ð3; 0; kÞ ¼ 2
k





.Wr ð3; 2; 3Þ ¼  2
3
2	3! ð5þ 3r4Þ ; Wþr ð3; 2; 3Þ ¼  2
3
2	3! ð12 4r3Þ
Wr ð3; 3; 3Þ ¼ 0 ; Wþr ð3; 3; 3Þ ¼ 0
..
.; ..
.and so on. If we generalize these coefﬁcients one can obtain
























































¼ ð5þ 3r4Þx3 cosðyÞe2z;
Figure 3 Comparisons of the 6th-order (U1), 10th-order (U2) and 18th-order (U3) approximate solutions for Example 3.



































¼ ð12 4r3Þx3 cosðyÞe2z:
As a result, the exact analytical solution of ~wrðx; y; zÞ is
obtained as
~wrðx; y; zÞ ¼ ð5þ 3r4; 12 4r3Þ  x3 cosðyÞe2z:
Also, we present the plot of exact and approximate solutions,
where U1;U2;U3 are the 6th-order, 10th-order and 18th-order
approximate solution of ~uð1; 0; 3Þ in Fig. 3.
Example 4. Consider the following fuzzy parabolic equation
@4 ~wrðx; y; zÞ
@x@y3
þ @
3 ~wrðx; y; zÞ
@y3
þ @
4 ~wrðx; y; zÞ
@y3@z
¼ ð3r2 þ 2r; 7 2r4Þ  60y2 cosð2xÞ cosð3zÞð
 2 sinð2xÞ sinð3zÞ þ cosð2xÞ sinð3zÞÞ; ð38Þ
with the boundary conditions
~wrð0; y; zÞ ¼ ð3r2 þ 2r; 7 2r4Þ  y5 sinð3zÞ: ð39Þ
Taking the thee-dimensional fuzzy differential transform of
Eq. (38), it can be obtained that
ðiþ 1Þðjþ 1Þðjþ 2Þðjþ 3ÞWr ðiþ 1; jþ 3; kÞ þ ðjþ 1Þ
ðjþ 2Þðjþ 3ÞWr ði; jþ 3; kÞ þ ðjþ 1Þðjþ 2Þðjþ 3Þ

































; ð40Þðiþ 1Þðjþ 1Þðjþ 2Þðjþ 3ÞWþr ðiþ 1; jþ 3; kÞ þ ðjþ 1Þ
ðjþ 2Þðjþ 3ÞWþr ði; jþ 3; kÞ þ ðjþ 1Þðjþ 2Þðjþ 3Þ













































































; 8j; k ¼ 0; 1; 2; . . . ;







; 8j; k ¼ 0; 1; 2; . . . :
ð45Þ
Substituting Eqs. (44) and (45) into Eqs. (40) and (41), and by
recursive method,
A novel computing three-dimensional differential transform methoWr ð1; 3; 0Þ ¼ 0Figure 4 Comparisons; Wþr ð1; 3; 0Þ ¼ 0,
Wr ð1; 3; 1Þ ¼ 0 ; Wþr ð1; 3; 1Þ ¼ 0,
Wr ð1; 3; 2Þ ¼ 0 ; Wþr ð1; 3; 2Þ ¼ 0,
..
.; ..
.Wr ð1; 3; kÞ ¼ 0 ; Wþr ð1;3;kÞ¼ 0; 8k¼ 0;1;2; . . .,
..
.; ..
.Wr ð0; 5; 0Þ ¼ 0 ; Wþr ð0; 5; 0Þ ¼ 0,
Wr ð1; 5; 0Þ ¼ 0 ; Wþr ð1; 5; 0Þ ¼ 0,
Wr ð1; 5; 1Þ ¼ 0 ; Wþr ð1; 5; 1Þ ¼ 0,
Wr ð1; 5; 2Þ ¼ 0 ; Wþr ð1; 5; 2Þ ¼ 0,
..
.; ..
.Wr ð1; 5; kÞ ¼ 0 ; Wþr ð1;5;kÞ¼0; 8k¼0;1;2;. . .,
Wr ð2; 5; 0Þ ¼ 0 ; Wþr ð2; 5; 0Þ ¼ 0,








1! ð7 2r4Þ,Wr ð2; 5; 2Þ ¼ 0 ; Wþr ð2; 5; 2Þ ¼ 0,











.Wr ð2; 5; 2kÞ ¼ 0 ; Wþr ð2;5;2kÞ¼0; 8k¼0;1;2;. . .,






 ð3r2 þ 2rÞ ; W
þ







8k ¼ 0; 1; 2; . . .,Wr ð3; 5; 0Þ ¼ 0 ; Wþr ð3; 5; 0Þ ¼ 0,
Wr ð3; 5; 1Þ ¼ 0 ; Wþr ð3; 5; 1Þ ¼ 0,
Wr ð3; 5; 2Þ ¼ 0 ; Wþr ð3; 5; 2Þ ¼ 0,
Wr ð3; 5; kÞ ¼ 0 ; Wþr ð3;5;kÞ¼0; 8k¼0;1;2;. . .,
Wr ð4; 5; 0Þ ¼ 0 ; Wþr ð4; 5; 0Þ ¼ 0,
Wr ð4; 5; 1Þ ¼ 3 2
4
4! ð3r2 þ 2rÞ ; Wþr ð4; 5; 1Þ ¼ 3 2
4
4! ð7 2r4Þ,
Wr ð4; 5; 2Þ ¼ 0 ; Wr ð4; 5; 2Þ ¼ 0,











.of the 2th-order (U1), 4th-order (U2)and so on. If we generalize these coefﬁcients one can obtain
i   k  












8i; j; k ¼ 0; 1; 2; . . . ;














8i; j; k ¼ 0; 1; 2; . . . :
Then











































¼ ð3r2 þ 2rÞy5 cosð2xÞ sinð3zÞ;










































zk ¼ ð7 2r4Þy5 cosð2xÞ sinð3zÞ:
As a result, the exact analytical solution of ~wrðx; y; zÞ is
obtained as
~wrðx; y; zÞ ¼ ð3r2 þ 2r; 7 2r4Þ  y5 cosð2xÞ sinð3zÞ:
Also, we present the plot of exact and approximate solutions,
where U1;U2;U3 are the 2th-order, 4th-order and 8th-order
approximate solution of ~uð0:5; 1; p
6
Þ in Fig. 4.and 8th-order (U3) approximate solutions for Example 4.
708 F. Mirzaee, M. Komak Yari5. Conclusion
This paper infers the solution of fuzzy partial differential equa-
tions by using three-dimensional fuzzy differential transform
method. The obtained results concluded that the approximate
solutions coincide with corresponding exact solutions, which
means that the method is suitable and effective to solve fuzzy
partial differential equations. Moreover, the solutions of the
higher order fuzzy integro-partial differential equations can
be calculated, as future prospects, in a similar manner.
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